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Abstract

In this paper, we define an equivalence relation using level set of an i-v L-fuzzy ideal of nearing N. We use
this equivalence relation to define upper and lower approximation of nonempty subset of the nearing N.
We study properties of these approximations. We find relation between approximations in different cases.
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1. Introduction

Rosenfield (1971) initiated the study of fuzzy
algebraic structures by introducing fuzzy
subgroups. Pawlak (1982) introduced rough set
theory. Ciric, Ignjatovic, Bogdanovic (2007)
studied properties of equivalence classes of fuzzy
equivalence relations over a complete residuated
lattice and investigated fuzzy fuzzy partitions.
Ignjatovic, Ciric, Bogdanovic (2009) defined fuzzy
homomorphisms and wused them as fuzzy
congruences to relate elements of two possibly
different algebras. Kedukodi, Kuncham and
Bhavanari (2009) studied equiprime, 3-prime and
c-prime fuzz ideals of nearrings and proved
isomorphism theorems. Davvaz (2001) introduced
interval valued L-fuzzy ideals of nearrings.
Jagadeesha, Kuncham and Kedukodi (n.d.)
introduced interval valued L-fuzzy ideals of

nearring using interval valued t-norms and
interval valued t-conorms. Kuncham, Jagadeesha
and Kedukodi (n.d.) defined interval valued
L-fuzzy cosets of a nearring and proved
isomorphism theorems. Biswas and Nanda (1994)
related algebraic structures and rough sets by
substituting an algebraic system instead of the
universe set. Davvaz (2006) initiated study of
rough set theory based on fuzzy ideals. Kedukodi,
Kuncham and Bhavanari (2010) proposed rough
approximations which depend on a reference
point. Zhang, Zhang and Wu (2009) proposed a
general study of (I, T)-interval-valued fuzzy rough
sets on two universes of discourse integrating the
rough set theory with the interval-valued fuzzy set
theory by constructive and axiomatic approaches.
Shen and Wang (2011) initiated the construction of
rough approximations of a vague set in fuzzy
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approximation space. Doina and Wang (2012)
extended Pawlaks rough set theory to a
topological model where the set approximations
are defined using the topological notion af-open
sets.

In this paper, we define a congruence relation
using level set of an i-v L-fuzzy ideal of nearing N.
We use this equivalence relation to define r
approximation of nonempty subset of the nearing
N. We study properties of these approximations.
We find relation between approximations in
different cases.

2. Preliminaries

In this paper < LAV > is a complete bounded
lattice with greatest element M and least element
m.

=<, be the partial order in L. N, N; and N, will
represent right nearrings. We refer to Gratzer
(2011), Byth (2005), Birkoff (1995) for lattice,
Klement, Mesiar and Pap (2000) for t-norms, and
Pilz (1983), Ferrero and Ferrero (2002), Bhavanari
and Kuncham (2013) for nearrings, Anderson and
Fuller (1992) for rings, Pawlak (1982) for rough
sets and Ciucci (2008) for rough approximation
algebra, Klement, Mesiar and Pap (2000) for
t-norm and t-conorms on a lattice, Davvaz (2001)
for interval valued L-fuzzy sets. (Gu, Li, Chen &
Lu, 1995) Let L be a lattice.

Atnormisa function T: LxL — L such that V x,
y, z € L the following axioms are satisfied: 1.
Commutativity: T(x, y) = T(y, x), 2. Associativity:
T(x, T(y, z)) = T(T(x, y), z), 3. Monotonicity: If y <
z then T(x, y) <. T(x, z), 4. Boundary condition: T(x,
M) = x. Let T1 and T2 be two t-norms on L. If T1(x,
y) <L T2(x, y) V X, y € L then we say that T1 is
weaker than T2. We write T1 <, T2 if T1 is weaker
than T2. A t-norm T on L is called an idempotent
tnormif T (x, x)=xVx € L.

(Klement, Mesiar & Pap, 2000) Let L be a lattice. A
t-conorm is a function C: L x L — L, such that V x,
y, z € L the following axioms are satisfied: 1.
Commutativity: C(x, y) = C(y, x), 2. Associativity:
C(x, C(y, z)) = C(C(x, y), z), 3. Monotonicity: If y <,
z then C(x, y) <0 C(x, z), 4. Boundary condition:
C(x, m) = x. Let C1 and C2 be two t-conorms on L.
If C1(x, y) <. C2(x, y) VX, y € L then we say that
C1 is weaker than C2. We write C1 <, C2 if C1 is
weaker than C2.

(Jagadeesha, Kuncham & Kedukodi, n.d.) Let
(N,+,) be a nearring. Let Ty be an i-v t-norm and C;
be an i-v t-conorm on D(L). Let &, E € D(L)
with @< f.Aniv L-fuzzy subset fi on N is
called an i-v L-fuzzy ideal with thresholds @, B
ifvx, yi € N.

(1) C(@ A (x+y) 2 Tp, T(C(d, W'(x),C(d, "
L),

(2) Cl@, [i(x) 2Ty, Cla, i"(x)),

©B) G(@, Wiy +x-y) 2T, G, " W' (x),

(4) G(@ " p(xy) 2 T(B,” Cl(@, " 1'(x))),

(6) G@, W(x(y +1) - xy)) 2 Ti(B, CU&, " 1'(1)))
Definition. (Kazanci & Davvaz, 2008) Let 6 be an
equivalence relation on N, then equivalence class
ofx € Nistheset{y € NI (x,y) € 0} which
is denoted by [x]e.

Definition. (Kazanci & Davvaz, 2008) Let 0 be an
equivalence relation on N, then 0 is called a full
congruence relation if (a, b) € 0 and (c,d) € 0
implies (-a,b) € 0,(a+c¢, b+d) € 0, and (ac,
bd) € Oforalla,b,c,d € N.A full congruence
relation is said to be complete if {xy | x € [a]0,y
€ [b]6} =[ab]O foralla,b & N.

(Kazanci & Davvaz, 2008) Let O be a full
congruence relation on N. If a, b € N then, (i)
[alo + [bjo = [a + blo. (i) [alo = ~[ale- (iii) fxy | x €
[ale, y € [ble} € [ab]e.

3. Approximation in Nearing Using an Equivalence Relation with Thresholds

Def1n1t1on Let fi be ani-v L-fuzzy ideal of N. with associated i-v t-conorm €; and associated i-v t-norm

Tf Let
(Q@ﬂ@—ﬂﬂ}kme@

, B € D(L) with @ < f. For k € [@& B) define U@, k, &, ﬁ)
, @, ) iscalled k level relation of fi with thresholds @ and

(xy) € N xN| T,

Proposition: Let [ be an i-v L- fuzzy ideal of N. with associated i-v t-conorm C{; and associated i-v

tnorm T;.Let & f € D(L) with &

<i,8 For k € [&, ﬁ) define, U(fi, k, &, ,8) ={(x,y)

ENXN| T; (Ci(& fi(x—7¥))) = k). Then U(fi, k, &, f) is an equivalence relation and full
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congruence relation on N.

Notation: Let fi be an i-v L- -fuzzy ideal of N. with associated i-v t-conorm (} and associated i-v t-norm
T;.Let & 8 € D(L)with & < fB.For k € [ B) define, U(fi, k, & ) ={(xy) E N XN| T;
(Cr(@&, fi(x—¥))) = k). ThenU(d, k, @& J) is an equivalence relation and full congruence relation
on N. The equivalence class containing x is denoted by[x] (i kB

Definition: Let (i be an i-v L-fuzzy ideal of N. with associated i-v t-conorm C; and associated i-v t-norm
T;. Let @ ,3 € D(L) with & < ;33 For k € [&, E) define, U({l, k, @, E) ={(xy) E N XN| T;
(C; (& fi(x—¥))) = k). ThenU, k, & f) isan equivalence relation and full congruence relation
on N. Let X be a nonempty subset of N. Then the sets U({i, k, &, _;‘.?,X} ={x € Ni[x](ﬁ,k,a,ﬁj c X}
and U(A,k,aB,X)={x€ N|[xltz i ap) NX # @} are respectively called upper and lower
approximations of X with respect to U(f, k, @ fB). Then BND(X)= U( fi,k,& B,X) — Ui, k, &,
}33 ,X) is called boundary region of X. If BND(X) not an empty set, then X is called a rough set otherwise
called crisp set. If U(fi, k, & B,X) and U(d,k,a, B,X) areideals of N then (u(a, k, & B,X),
U(fi,k,@f,X)) is called rough ideal of N. If U( fi,k,&, f8,X) isan ideal of N it is called upper

rough ideal of N.

o~

Proposition: If (N, U(4, k, @&, [))is an approximation space and X is a subset of N then U(fi, k, &,
B.X) € UG k,a&B,x).

Proposmon Let fi be an i-v L-fuzzy ideal of N with associated i-v t-conorm C 1 and associated i-v t-norm
T;. Let @ ﬂ € D(L) with & < f)’ Let X is an ideal of N. Then U( g,k,a, ,3 X) isan upper
rough 1dea1 of N.

Proposmon Let fi be an i-v L-fuzzy ideal of N with associated i-v t-conorm C 1 and assoc1ated i-v t-norm
T;.Let & [ € D(L) with @ < f3. Let X is a nonempty subset of Nand U( fi, k, & f,X) # ¢. Then
0]z k ap)c x-

Proposition: Let [ be an i-v L- -fuzzy ideal of N with associated i-v t-conorm €} and associated i-v t-norm
T; Let @ f € D(L)with @ < 3. Let Xis anideal of Nand 1 € N and N has right inverse then U(
fi,k,&/f,X) isanideal of N.

Proposition: Let fi beani-vL- -fuzzy ideal of N with associated i-v t—conorm C; and associated i-v t—norm
T;.Let & [ € D(L)with & < f.Let Xisanideal of Nand U(f, k, & f,X) # ¢. Then U(f, k, &,

B,X) =X

Proposition: Let I be an i-v L-fuzzy ideal of N with associated i-v t-conorm C; and associated i-v t-norm

TI Let a, ﬁ € D(L) with & < . Let X is an ideal of Nand 1 € N and N has right inverse then (U (
i,k & B,X) U(g,k,a& B, X))isroughideal of N.

Proposition: Let fi be ani-v L- -fuzzy ideal of N with associated i-v t-conorm €} and associated i-v t-norm
T;.Let @ [ € D(L)with @ < ,8 Let X is a nonempty subset of N. Let fi and A bei-vL- -fuzzy ideals
of N. Then

() UG N4 k X)c
QU(ANA,k, 2U(p,k,apBX)nUQk,apBXx).
Let

Proposition: ani-v L- fuzzy ideal of N with associated i-v t-conorm C; and associated i-v t-norm
T;. Let @, ﬁ D(L) with @ < ﬁ Let T; be an i-v t-norm on D(L) and X is a nonempty subset of N. Let

B.x

&, U_@f& & B,X)n Ul k a B.x).
&, B,X
t [ be
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fi and A be i-v L-fuzzy ideals of N. Then

W) U np, 4, k @ B,X) CU@ NI K & B.X) U(# k. & B.X)n U@ k, a B,X).
@ Ui ng A,k A BX) DTN k,aB.X) DU Ak.afX)N UR, ka8 X).
Prop0s1t10n Let fi beani-vL- -fuzzy ideal of N with associated i-v t-conorm €} and associated i-v t-norm

T;.Let & [ € D(L)with & < f3.Let fi and A be i-v L-fuzzy ideals of N such that i € A and Xisa
nonempty subset of N. Then

() UG, k, & B,X) cUWA k & B,X)
@ Ui, k,a %) 2UQ,E .:r,GX)
Prop0s1t10n Let /1 be ani-vL- -fuzzy ideal of N with associated i-v t-conorm G and associated i-v t-norm

T;.Let & f € D(L)with & < f.Let X is a nonempty subset of N. Let fi and A be i-v L-fuzzy ideals
of N. Then

=
u(

MU@E VAL k & B X)ycuw, k & B,X)u U(R & B, Xx).
QU(AVLE,afX)2U0(a,k,aBX)UUQ,k aBX)

Proposition: Let fI be an i-v L-fuzzy ideal of N with associated i-v t-conorm C; and associated i-v t-norm
T;. Let @ ﬂ € D(L) with &@ < S .Let C; be an i-v t-conorm on D(L) and X is a nonempty subset of N.

Let fi and A be i-v L-fuzzy ideals of N. Then

(1) U(A U, Ak & BX) CU Ui k & B,X)c U_(,u & B,X)u U(A & f,X).

@ U(AVg A ,k,apx)2U(ankk,apx)2UCA .k aBX) v UQ, P &, 8,%).
Prop0s1t10n Let /I be ani-vL- fuzzy ideal of N with associated i-v t-conorm C; and associated i-v t-norm

T;.Let & B € D(L)with & < B.Let ¥ and § € D(L) such that < § and & <¥ and f < &.
Then

G UG, k, & B,X) CU, k, & 6,X) cu@, kv, §,X).
) U(a,k,a,B.X) 2 U, k a §,X)2 U4 k v, 6,X).
Definition: Let fI be an i-v L-fuzzy ideal of N. with associated i-v t-conorm C; and associated i-v t-norm

T;.Let @ =[m,m], B =[M,M] € D(L)with @ < fi.Let k € [@& f). Let X be a nonempty

Ly

subset of N. Then the sets U( fi , k ,X)={x€ N|lxlg s €X} and U(
ik, x)={x€eN| [x](z ) NX # @} are respectively called upper and lower approximations of X
with respect to U({Z, k). Then BND(X)= U(4,k,X) — Ua, k,X) is called boundary region of X. If

BND(X) not an empty set, then X is called a rough set otherwise called crisp set.

Proposmon Let fi be an i-v L-fuzzy ideal of N with associated i-v t-conorm C; and associated i-v t-norm
T;.Let @& f € D(L)with & < f.Let /i and 4 be i-v L-fuzzy ideals of N such that i © A and Xisa
nonempty subset of N. Then

(i) U(,u kX)CU(,u k, @, ;’J’X}E
() Ui, kX) 2 URk,aB,X) 2.0U(

i, k, @M, X).
i,k , & M, M],X)

References Springer-Verlag, USA.
F. W. Anderson, K. R. Fuller. (1992). Rings and S. Bhavanari, S. P. Kuncham. (2013). Nearrings,
Categories  of  Modules,  second ed, fuzzy ideals and graph theory, Chapman and



"f":“ Journal of Progress in Engineering and Physical Science

Hall/ CRC Press.

G. Birkoff. (1995). Lattice Theory, Third ed.
American Mathematical Society.

R. Biswas, S. Nanda. (1994). Rough groups and
rough subgroups, Bull. Polish Acad. Sci. Math.
42, 251-254.

T. S. Byth. (2005). Lattices and ordered algebraic
structures, Springer Verlag, London.

D. Ciucci. (2008). A unifying abstract approach for
rough models, RSKT08 Proceedings, Lecture
Notes in Artificial Intelligence 5009 371-378.

M. Ciric, J. Ignjatovic, S. (2007). Bogdanovic Fuzzy
equivalence relations and their equivalence
classes, Fuzzy Sets Syst. 158, 1295-1313.

B. Davvaz. (2001). Fuzzy ideals of nearring with
interval valued membership functions, J. Sci.
Islam. Repub. Iran 12, 171-175.

B. Davvaz. (2006). Roughness based on fuzzy
ideals, Inform. Sci. 176, 2417-2437.

H. M. A. Doina, F. Salama. (2012). Generalization
of Pawlaks rough approximation spaces by

using af-open sets, Int. J. Approx. Reason, 53,
1094-1105.

C. C. Ferrero, G. Ferrero. (2002). Nearrings: Some
developments Linked to Semigroups and Groups,
Kluwer Academic Publishers, The
Netherlands.

G. Gratzer. (2011). Lattice Theory: Foundation,
Birkhauser verlag.

W.X. Gu, S. Y. Li, D. G. Chen, Y. H. Lu. (1995). The
generalized t-norms and TLPF-groups, Fuzzy
Sets Syst. 72, 357-364.

J. Ignjatovic, M. Ciric, S. (2009). Bogdanovic Fuzzy
homomorphisms of algebras, Fuzzy Sets Syst.
160, 2345-2365.

B. Jagadeesha, S. P. Kuncham, B. S. Kedukod,i,
(n.d.). Interval valued equiprime, 3-prime and
c-prime L-fuzzy ideals of nearrings,
Communicated.

O. Kazanci, B. Davvaz. (2008). On the structure of
rough prime (primary) ideals and rough
fuzzy prime (primary) ideals in commutative
rings, Inform. Sci 178, 1343-1354.

B. S. Kedukodi, B. Jagadeesha, S. P. Kuncham.
(n.d.). Interval valued L-fuzzy modules based
on t-norms and t-conorms communicated.

B. S. Kedukodi, S. P. Kuncham, S. Bhavanari.
(2009). Equiprime, 3-prime and c-prime fuzzy
ideals of nearrings, Soft Comput. 13, 933-944.

B. S. Kedukodi, S. P. Kucham, S. Bhavanari. (2010).
Reference Points and roughness, Inform. Sci.
180(17), 3348-3361.

E. P. Klement, R. Mesiar, E. Pap. (2000). Triangular
Norms, Kluwer Academic  Publishers,
Netherlands.

S. P. Kuncham, B. Jagadeesha, B. S. Kedukodi.
(n.d.). Interval Valued L-fuzzy Cosets of
Nearrings and Isomorphism Theorems,
Communicated.

Z. Pawlak. (1982). Rough sets, Int. |. Inform.
Comput. Sci. 11, 341-356.

G. Pilz. (1983). Near-Rings, Revised edition, North
Hollond.

A. Rosenfeld. (1971). Fuzzy Groups, |. Math. Anal.
Appl. 35, 512-517.

T. J. Ross. (2010). Fuzzy logic with engineering
applications, Third edition, University of
Mexico, USA.

Y. Shen, F. Wang. (2011). Rough approximations of
vague sets in fuzzy approximation space, Int.
J. Approx. Reason 52, 281-296.

H. Y. Zhang, W. X. Zhang, W. Z. Wu. (2009). On
characterization of generalized
interval-valued fuzzy rough sets on two
universes of discourse, Int. |. Approx. Reason
51, 56-70.



